A separable and metrizable space X is a matchbox manifold if each point x of X has an open neighborhood which is homeomorphic to 4 x 1 for some zero-dimensional space S x . Each arc component of a matchbox manifold admits a parameterization by the reals 1 in a natural way. This is the main tool in defining the orientability of matchbox manifolds. The orientable matchbox manifolds are precisely the phase spaces of one-dimensional flows without rest points. We show in this paper that a compact homogeneous matchbox manifold is orientable.
1. Introduction. In our discussion we need some definitions and results from the papers [1] and [2] in which flows without rest points on one-dimensional spaces were discussed. A separable metric space X is called a matchbox manifold if for each point x of X there is a zero-dimensional space S x such that S x x R is homeomorphic to an open neighborhood of x.
For any zero-dimensional subspace S of R we let
F s = {(x,y)eR 2 \xeS, -1 <y < 1} and If h: Fs -• X is a topological embedding such that h(Fs) is closed and h{E s ) is open in X, then V = h(F s ) is called a matchbox in X.
In this case we also say that V is a matchbox neighborhood of h(x,0), x e S. The induced map h: F s -+ V is called a parameterization of V. In a matchbox manifold every point has arbitrarily small matchbox neighborhoods. As orientability of matchbox manifolds is the main topic of our paper, we briefly discuss its definition. First parameterizations of arc components are defined. If an arc component C is compact, it is a circle and any covering map of R to C is called a parameterization. If the arc component C is non-compact, then any continuous bijection p: R -• C is called a parameterization.
The most important property of parameterizations is the so-called arc lifting property formulated in the following lemma. See [1] , [3] for details.
LEMMA. Suppose that p\ and pi are parameterizations of an arc component of a match manifold X. Then for each a\ and aι such that p\(a\) = Pii^i) there is a unique homeomorphism h: R -> R such that P2= Pι° h and h(μ-ι) = &\
Because any homeomorphism of R onto itself is either decreasing or increasing, it is clear that the parameterizations of an arc component fall into two classes, the directions. Now if X is a matchbox manifold, we let {C a \a e A} denote the collection of arc components. If p a : R -• C a is a parameterization for each a e A, then the collection {p α |α G A} is called a parameterization of X. Now let V be a matchbox in X with parameterization h: F$ -+ V. As before, i^ = S x [-1, 1] for some zero-dimensional subset 5 of R. By pr we denote the projection of F$ onto [-1, 1]. As in [2] we shall say that V is coherently directed by the parameterization {p a \θί e A} of X if for each x e S and for any closed interval / in R with p a (J) = h({x} x [-1, 1]) for some a the composition pr oh~ι oρ a is increasing.
Finally, the matchbox manifold X is said to be orientable if there exists a parameterization {p a \ot E A} of X such that each point has a matchbox neighborhood which is coherently directed.
By the characterization theorem of [2] a separable metrizable space X is an orientable matchbox manifold if and only if X is the phase space of some one-dimensional flow without rest points. In [1] and [2] examples have been presented of matchbox manifolds which are not orientable. See §5 for more examples. It is the main result of this paper that if the matchbox manifold is a homogeneous compact space, then it must be orientable. Recall that a space X is said to be homogeneous if for all x and y in X there is a homeomorphism h: X -• X such that h(x) = y.
MAIN THEOREM. If a matchbox manifold is compact and homogeneous, then it is orientable.
In §5 by means of Examples 2 and 3 we shall show that both the ingredients compact and homogeneous are needed in the theorem.
ORIENTABILITY OF MATCHBOX MANIFOLDS 3
The proof of the main theorem and its corollary are presented in §2. In §3 we discuss a modification of an important result of Whitney [17] about the local product structure of regular families of curves. This is a preparation for the application of the main theorem to the situation of a homogeneous continuum all proper subcontinua of which are arcs. As a consequence we obtain a new proof of Hagopian [5] ). We say that a metric space X (with metric d) has the Effros property if for every ε > 0 there exists a ί>0 such that for all points y and z in X satisfying d(y, z) < δ there is a homeomorphism h: X -• X such that h(y) = z and d(x, h(x)) < ε for all x e X. In this situation we say that δ is an Effros delta for ε. As a consequence of Effros' theorem each compact homogeneous space has the Effros property.
Proof of the main theorem. Let X be a matchbox manifold which is compact and homogeneous. In [4] it has been shown that every homogeneous locally compact separable metrizable space is the product of a connected space and a zero-dimensional space. So without loss of generality we may assume that X is connected. Let {C a \a e A} denote the collection of all arc components of X. Let x be a point in X and let V be any matchbox neighborhood of x with parameterization h:F s^V .
First we shall show that there is a parameterization {p a \oί e A} of X and a subset S\ of S such that V\ = h(Fs) is a matchbox neighborhood of x which is coherently directed by {p a \ot G A}. We assume that this is not true and we shall derive a contradiction. From the assumption it follows that there exists a sequence (δ n ) of positive numbers, which converges to 0, and that there exist for each n e N points y n , z n eS and intervals I n and J n in R such that (1) h{{y n }x[-l 9 l])=p an (I n ) 9 (2) h({z n }x[-l,l])=p an (J n ), (3) the map pro/*" 1 o^ is increasing on one of the intervals I n and J n , and decreasing on the other of /" and J n ,
We shall write Ca n = A* π (R). By taking a suitable subsequence we may also assume that (5) δ n is an Effros delta for ^ .
Let ε be the minimum of the numbers
As X is compact, ε is positive. For every n e N we find a homeomorphism g n : X -• X such that SuCAO^, 0)) = λ(z,,,0) and
T for all w e X. n + 1 It is clear that # w maps C^ onto itself. Without loss of generality we may assume that pro A" 1 op a is increasing on I n and decreasing
From the definition of ε it follows that for any n with l/(n+1) < ε the mapping is increasing. For any such n the map pro/*-1 o g n op a is defined on some subinterval / of I n and this map is increasing on /.
The map g n °p a is a parameterization of C a and by the lemma n n in § 1 there is a homeomorphism f n : R -^ R such that gn°Pa n =Pa n°f nNote that / Λ sends / into /" . It follows that the map proh~ι og n op Qn =pτoh~ι op an of n is increasing. As pro/*" 1 op a is decreasing on /«, we see that f n n is decreasing on /. It has been proved now that f n is decreasing on R. We denote the unique fixed point of f n by t n and we write p n = Pa n {t n ) -We see that g n (Pn) = Pn In this way we find a point p n for each ft satisfying l/(n+l) < ε. By compactness of JSΓ we may assume that the sequence (p rt ) converges to p. Let V* denote a matchbox neighbor of p with parameterization A*: F s * -• F*. Define ε* in a similar way as ε above. Because f n is decreasing, the maps g n move some points of V* more than ^ε*, for all n with l/(n + 1) < ε*. Since g n -• id, the maps #" move no point more than ^ε* for sufficiently large n. This is a contradiction. Having established that there exists a matchbox Fί and a parameterization {/? α |α G ^4} of X such that V\ is coherently directed by {p a \oL G ^4}, we now show that X is orientable. As in [2] we denote by B(V\) the union of all arc components of X which have a nonempty intersection with V\. By using the lemma of the long box of [2] we see that B(V\) is an open subset of X which is orientable by the very same parameterization. The proof is completed by showing that X = B(Vχ). As X is assumed to be connected, we need only show that B(V\) is closed. Let q € c\B(V\). For every natural number n we select q n e B(V\) and x n € S\ such that q n -• q and h(x n , 0) and q n are in the same arc component. As V\ is compact, we may assume that x n -• x* e S\. As h(x*, 0) e A(fk ) and h(Es x ) is open, there is an 7/ < 0 such that
For this η we choose an Eίfros delta δ. For n with d(q n , q) < δ and d(h(x n , 0), A(x*, 0)) < <J we find that the distance of h(x n , 0) to the arc component of q is less than η. It follows that the arc component of q hits h(Es χ ) and thus q e B{V\).
Since Fί is an arbitrarily small matchbox neighborhood in the last part of the proof, namely the proof of X = B{V\), we have established the following corollary.
COROLLARY. If a matchbox manifold is compact, homogeneous and connected, then each of its arc components is dense.
3. Local product structure. In this section X is a separable metrizable space such that every proper nondegenerate subcontinuum of X is an arc. For each x € X we let C x denote the arc component of X. By our assumption of X the set C x is the union of all proper subcontinua of X containing x. Obviously, for all x, y e X either C x = C y or C x n C y = 0. For every x e X the set C x is a one-to-one continuous image of either [0, 1], (0, 1) or [0, 1) and, consequently, inherits an order. We want to emphasize here that C x may fail to be a topological image of an interval. We shall say that the family {C x \x e X} of arc components is regular if for each x e X, for each arc / c C x , containing x, and for each e > 0 there exists a δ > 0 such that for each y e B δ {x) there exists an ε-embedding h: I -• C y (i.e., d(u, h(u)) < ε for each ue I) such that h(x) = y. In §5, Example 3, we present an example of a space X with a nontrivial regular family of arc components which consists of just one element.
The main goal of this section is to prove the existence of local sections and to exhibit the local product structure when the arc components form a regular family. 
(A) < μ{B).
Now suppose that the family of arc components of X is regular. Let x G X. We say that the closed set S is a local section at x provided that x e S and that there exists a neighborhood U of x such that for each y e 17 each component of C y Π V intersects S in exactly one point. Proof. By the theorem there is a section S and an embedding ψ: S x I -> Ί7 where U is a neighborhood of x. Now S must be totally disconnected, because otherwise X would contain a continuum of dimension greater than one. That however is impossible. As S is compact, it follows that dim 5 = 0. 4. Applications. In this section we shall show that every homogeneous continuum such that every proper nondegenerate subcontinuum is an arc admits a flow without rest points. This answers a question of Hagopian. Using a result of Thomas [16] we obtain an alternative proof of Hagopian's theorem that such a continuum is a solenoid [ll] y [12] . We will always assume that X is a nondegenerate continuum. Proof. It follows from EίFros' theorem that the family of arc components is regular. Also because of homogeneity each point x of X is contained in the interior of an arc in the arc component C x . By the second corollary in §3 the space X is a matchbox manifold. By the main theorem X is an orientable manifold. Proof. By the lemma X is an orientable matchbox manifold. Hence by [2] X admits a flow such that the arc components coincide with the orbits. By the corollary in §2 we get that the orbits are dense. Hence, X is minimal under φ.
LEMMA. Let X be a separable metήzable space such that the family of arc components of X is regular Then X admits a local section at every point x e X such that x is contained in some arc
COROLLARY (Hagopian [11] ). Let X be a homogeneous continuum such that every proper subcontinuum is an arc; then X is a solenoid.
Proof. By the theorem X admits a minimal flow φ such that for each point x the arc component of x and the orbit of x coincide. Let x e X and let V = h{F s ) be a matchbox neighborhood of x. We write Z = h(S x {0}), the zero level of V. The first return map r: Z -• Z is defined by r(x) = φ(x,to) 9 where t 0 = inf{ί >0\φ(x,t)eZ}.
It is to be observed that r is well-defined because φ is minimal and h (E s By the choice of γ it follows that for all sufficiently small t > 0, g(h(x, ή) = h(y, s), for some s > 0. Using the order by time on orbits, we see that g is increasing.
Let n > 0. We have
g(r»{x))eB η (r n {x))ch(E s ).
It follows that πogor n (x) = r m {y) for some m > 0 and d(r n {x), r m (y)) < e.
In a similar way it follows that for some >/-homeomorphism g f we have for all n > 0, 5. Examples. Now we present some examples which may clarify the discussion. EXAMPLE 1. The pseudo-arc [7, 13] and the universal curve [6] are examples of compact homogeneous spaces without a matchbox structure. The pseudo-arc does not admit any flow because it contains no arcs. Because the universal curve has a dense collection of arbitrarily small closed curves, it only admits the trivial flow in which each point is a rest point. EXAMPLE 2. We present a compact matchbox manifold X which is not orientable. Using polar coordinates we let Y = {(1, φ)\0 < φ < 2π} U {(2, φ)\0 <φ<2π}
U{{r,φ)\φeR,r=ψ(φ)}, which ψ is a strictly increasing continuous function of R onto (1,2). X is obtained by identifying the points (l,p) and (2,2π-#>), 0<#><2π.
EXAMPLE 3. Let E denote the set of endpoints of the Cantor set C i.e., E is the set of points in [0, 1] the triadic expansion of which has no Γs and eventually either 0's or 2's. The space X* consists of all semicircles in the upper half of the plane with center (j, 0) through the points of E and of all semicircles in the lower half of the plane with center (5/2.3", 0) through the points x of E such that 2/3" < x < l/3 /I~1 , n > 1. X* is just an arc component of the well-known Knaster bucket handle. {X*} is a regular family of arc components. The space X = X*\{(0, 0)} is a homogeneous matchbox manifold which is not orientable [1], p. 48.
Related to Example 3 we have the following question.
Question. Does there exist a homogeneous curve (i.e. one-to-one continuous image of the real line) that is not a matchbox manifold? EXAMPLE 4. On the two dimensional torus we consider the Denjoy modification of the irrational flow [15, p. 381] . Let X be the minimal set in this flow. Since X is embedded in a 2-manifold, X is not homeomorphic with a solenoid [8] . From the corollary of §4 we may conclude that X is not homogeneous. EXAMPLE 5. Let Y be an arc component of the space X in Example 4. As Y is an orbit in a flow, Y is homogeneous. Y is a matchbox manifold, but fails to be compact.
